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The transient diurnal heating of a water reservoir by solar radiation; 
and its cooling by surface convection, evaporation, and radiation emission was 
analytically modeled. The directional and spectral propertie s of the incident 
solar radiation, the air-water il).terface, and the selective attenuation of radiant 
energy by the water were properly included in the analysis. The diurnal ver-
tical temperature distribution was predicted by numerically solving the energy 
equation using a finite difference technique. It was determined that the surface 
boundary conditions and the selective absorption of radiant energy by the water 
strongly influence the thermal stratification of stagnant water. 
The diurnal compensating depth for the Euphotic zone was calculated 
using the optical properties of distilled water. The influence of several oil 
films on that depth was also determined. It was found that a film of kerosene 
or diesel oil had no effect on that depth; however, a thin film of crude oil reduced 
the depth significantly, and a thin film of fuel oil reduced the depth drastically. 
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I. INTRODUCTION 
Concern with degradation of water quality due to thermal pollution has 
generated considerable interest in predicting the thermal structure of lakes, 
rese rvoirs, rivers, and estuaries. The temperature distribution within water 
bodies has broad ecological significance affecting: 
1. Life of temperature dependent organisms, 
2. rate of photosynthesis and respiration, 
3. degree of reservoir stratification and stability, 
4. use of a reservoir as a solar energy collector, 
5. hydrodynamic and thermodynamic characteristics, 
6. amount and distribution of dissolved oxygen, 
7. toxicity level of various pollutants, and 
8. taste and odor of water. 
1 
The ability to predict the temperature and its distribution is essential to water 
resources planning and management, both for the energy requirements of the 
life cycles involved and for the use of a reservoir as a water source. This 
ability is of great interest to oceanographers, biologists, limnologists, and 
hydraulic engineers. The transient temperature distribution provides knowl-
edge of the rate and distribution of energy storage in a reservoir. 
Photosynthesis is a basic process of life on earth and is strongly influ-
enced by the temperature and the solar flux distribution. Rabinowitch and 
Govinodjee [ 1] state: 
"Photosynthesis is one of the most fascinating achieve-
ments of biological evolution on earth. Life implies decrease 
2 
in entropy--that means integrating disorderly materials into 
highly ordered units called 'organisms. ' It, therefore, requires 
external supply of free energy; and the only widely available ----
reservoir of such energy on earth is radiant energy reaching 
the planet from the sun. An amazing achievement of evolution 
had been to equip organisms with an apparatus for converting 
light energy into chemical energy. Without this provision, 
life on earth would have remained restricted to the rare spots 
where chemical free energy is readily available (such as 
volcanic springs)." 
Photosynthesis uses solar energy to support the life activities of organisms. 
The ecology of an entire water body is governed inpart by the solar flux and 
temperature distribution within the water. The maximum water depth to which 
radiant energy, in the wavelength range between 0.4-0. 75 microns, can pen-
etrate in a sufficient quantity to sustain photosynthesis is defined as the compen-
sating level. That is the level where oxygen produced by an organism through 
photosynthesis just balances the amount needed for its respiration. The region 
below this level is unsuitable for an organism to grow and multiply, while the 
region above this level, known as the Euphotic zone, is suitable for an organism's 
growth. Water pollution normally increases the absorption and scattering of 
the penetrating radiant energy and thus directly influences the compensating 
level. A measure of this influence is needed for estimating the effects on the 
photosynthesis production in lakes and reservoirs. 
Early works in predicting the temperature distribution within bodies 
of water were based on empirical correlations which have limited usefulness. 
The literature to date does not account correctly and completely for the direc-
tiona! and spectral nature of the incident solar flux and the selective reflectance, 
transmittance, and absorptance of the water. This problem is further com-
plicated due to the lack of data reguarding the thermal radiative properties of 
polluted waters. Simplified but realistic models will be used in this study to 
examine the influence of various surface boundary conditions on the diurnal 
vertical temperature distribution and compensating level. Emphasis is placed 
on accounting properly for the solar radiation by including the directional and 
spectral properties of the incident flux, the air-water interface, and the 
selective absorption of radiation by the water. 
The development and re suits are seperated into four sections. The 
first section presents a model for the diurnal solar flux transmitted through 
3 
the atmosphere and incident on the water surface. The second section examines 
the transmittance through the air-water interface and the attenuation of the 
incident flux by the water. This information was used to evaluate the diurnal 
compensating level and the influence that pollution has on that level. Approx-
imate expressions for the transmittance, the flux, and its divergence are 
presented in section three and used in section four with the energy equation 
to predict the diurnal temperature di. stribution by a numerical finite difference 
technique. 
II. REVIEW OF LITERATURE 
Previous research on the subject of energy transfer in reservoirs has 
been focused on the long term (seasonal) effects in large reservoirs. In all 
cases, the solar energy incident on the water was crudely treated through neg-
lect of its spectral and directional nature. Similarly, the highly selective 
absorption characteristics of the water were neglected. These two simplifying 
assumptions might be useful for approximating long term effects; however, 
they will fail drastically [ 2] on a short term or daily basis. 
Harleman and his co-workers [ 3-71 contributed greatly to the under-
standing of various energy and hydrodynamic phenomena occuring in large 
reservoirs. Various models were proposed and evaluated by a comparison 
with measured data. His work and the research of others [ 8-13] in this area, 
emphasize the effects and performance over long periods of time. The models 
include factors such as water flow rate in and out of a reservoir, horizontal 
velocity and its distribution, wind velocity, solar energy, air temperature, 
4 
and humidity of the environment. The factors, however, were treated on an 
average basis through empirical relations. The one factor suffering most in the 
analysis is the accounting for solar energy incident, reflected, and att enuated 
by the water. Some researchers [ 14,15] considered the solar flux to be par-
tially reflected and absorbed at the surface while neglecting any transmission 
and attenuation. Harleman [ 3-5] accounted for transmission and attenuation 
by using an empirical relation. In nearly all cases, the directional and the 
spectral nature of the incident solar energy and the selective absorption [ 16, 17] 
5 
by the water were not considered. Foster [ 18] has considered a convective 
model for the diurnal cycle. He has considered to some extent the selective 
absorption by the water but employed a crude approximation for the directional 
behavior of the incident radiation. 
Research of a more precise nature has been carried out on radiative 
transfer through transparent and semi-transparent media. Cobble [ 19-23] 
has investigated the heating of a fluid by solar radiation, radiation transfer 
in transparent solids, and the thermal trap effect. Restrictive and simplifying 
assumptions were imposed in order to focus on a specific factor under con-
sideration. Viskanta [ 24] reported on the problem of radiant energy trans-
port in waters and concluded that any analysis which neglects the spectral 
nature of the incident flux and assumes water to be a gray medium lead to 
appreciable errors when computing the internal absorption of solar radiation 
and flux distribution. This exact formulation of the radiant energy term 
requires long computational times, and for practical calculations of the diurnal 
temperature distribution an approximate method needs to be developed. 
Anderson et. al. [ 25] reported on the combined conduction and radiation 
through semi-transparent solids. The coupling of conduction and radiation 
influenced strongly the temperature distribution as compared to the case of 
conduction only. The flux could be approximated by superimposing the influence 
of conduction and radiation separately. Breaux [ 26 ] obtained a theoretical 
solution for radiation heating of a solid with monochromatic incident radiation 
and he discusses the case of incident radiation having arbitrary spectral 
distribution. 
6 
A great amount of research and general discussion [ 1, 27-29] is 
available on the process of photosynthesis and the rate of photosynthetic pro-
ductivity. These authors discuss the specific chemical reaction, the conversion 
of radiant energy into chemical energy, and the role of solar energy in the life 
cycle. Other researchers [ 30-40] have primarily considered photosynthesis 
in water bodies. Much of this work dealt with the mathematical modeling of 
the process and the relationship between in situ and laboratory measurements. 
An important product of this research is the relation between total radiant 
energy and photosynthetic productivity. It was established that only a portion 
of the solar spectrum is photosynthetically active. Ryther [ 31] reports the 
region to be between 0. 4-0. 77 microns and Strickland [ 30] places the region 
between 0. 38-0. 72 microns. The minimum energy (corresponding to the com-
pensation level) required to sustain photosynthesis depends on the particular 
species and is in the range of 50-100 foot candles (50 foot candles corresponds 
to 0. 73 Btu/hr ft2). As the radiant energy is increased above that level the 
rate of photosynthesis also increases in a linear fashion until a saturation 
point (maximum) is acheived. For some types of plants this might fall in the 
region of 500-750 foot candles; while, for other species the region could be 
2 2500-3000 foot candles (2000 foot candles corresponds to 29. 2 Btu/hr ft ) • 
Any additional increase in radiant energy past the saturation point will result 
in an inhibition of photosynthesis. When the radiant flux is in the region of 
2 8000-10000 foot candles (10000 foot candles corresponds to 146 Btu/hr ft ) 
there is only 5-10% of the maximum photosynthesis rate. The euphotic water 
zone, a region where there is neither too little (compensation level) nor too 
much radiant energy for photosynthesis to occur, can be evaluated using the 
above stated limits which are taken from Ryther [ 31]. Strickland [ 30] has 
given an excellent review of requirements, data, and methods for measuring 
the solar radiation penetrating the ocean in reference to photosynthetic pro-
ductivity. He reveals the need to consider the directional properties of the 
air-water interface and the selective attenuation of radiation by water and the 
scattering of radiation caused by suspensions of particulate pollutants. Such 
a treatment has not been reported in the literature and very crude approx-
imations have been employed [ 31] • 
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In this study, solar energy will be considered as collimated and its 
angle of incidence (time dependent) will vary in accordance with its daily 
behavior. Its magnitude and spectral distribution will be deduced from the 
irradiance at the top of the atmosphere [ 41,42] by using appropriate spectral 
atmospheric transmission coefficients [ 43,44]. The directional reflectance 
of the air-water interface will be evaluated through the Fresnel relations [ 45] 
and will be used to evaluate the reflected and the solar energy transmitted 
across the interface. Thermal properties of water will be those of distilled 
water [ 46] • The attenuation of the solar energy penetrating through the water 
is influenced by its selective absorption characteristics [ 46] and behaves on 
a monochromatic basis in accordance with Beer's law [ 45]. The penetrating 
solar energy will be used to determine the diurnal temperature distribution 
and the diurnal compensating level. 
III. SOLAR FLUX AT SEA LEVEL 
A. Introduction 
The magnitude and the spectral distribution of the solar flux incident 
at the earth's surface are two important factors for life. Major changes in 
either one could upset the earth's energy balance and inturn influence its life 
cycles. A portion of the radiant energy emitted by the sun reaches the upper 
layer of the earth's atmosphere without attenuation and appears approximately 
as orginating from a blackbody at 10000°R. The spectral distribution and the 
magnitude of the solar flux has been well documented [ 41,42], and this flux 
2 is lrnown as the solar constant, 429.2 Btu/hr ft • The atmosphere selectively 
absorbs and scatters the solar radiation thus only a fraction of this energy 
reaches the earth's surface. The relative position between the sun and an 
elemental area on the earth's surface, the type and structure of the cloud 
cover, and the constituents of the atmosphere influence the attenuation. Some 
of these factors vary continuously as a function of time in an undefined manner 
making the exact prediction of the attenuation impossible. 
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In this section a simplified model is presented to estimate the magnitude 
and the spectral distribution of the solar flux at sea level for any incident direc-
tion for a clear day. 
B. Atmospheric Model 
Solar energy incident on an elemental area, dA, at sea level can be 
separated into direct collimated and diffuse components. The first component 
is that portion of the solar energy transmitted through the atmosphere, and 
9 
the second component is due to atmospheric emission. Threlkeld and Jordan [ 43] 
presented a simple model describing various attenuation mechanisms for the 
atmosphere which will be used in this study to deduce the direct collimated por-
tion of the incident flux at sea level. The model considers the atmosphere to 
be composed of five layers each with different attenuation mechanisms. The 
monochromatic transmittance of each layer was assumed to obey Beer's law, 
generally stated as: 
(3.1) 
where TAL is the monochromatic transmittance defined as the ratio of the 
transmitted flux to the incident flux, L refers to the layer under consideration, 
and A is the wavelength. f3A L is the apparent monochromatic extinction coef-
ficient and SL is the apparent path length both of which are empirically deter-
mined to describe the particular attenuation process within the layer. The 
monochromatic transmittance of the five layer atmospheric model, TA, can 
be evaluated by taking the product of the individual layer transmittances, i.e. 
(3. 2) 
The directional monochromatic flux incident on an area normal to its path at 
sea level, FA, is given by 
(3. 3) 
where F ~0) is the directional monochromatic flux incident at the outer boundary 
of the earth's atmosphere. The monochromatic flux incident on a horizontal 
surface at sea level, w1A. (0, /Jo ), is given by 
(3. 4) 
where u is the cosine of the incident angle, 9 , measured from the normal 
0 0 
dire ction to the horizontal sea level. The total flux incident on the air side 
of the interface, w1 (0, LL ) , is given by · o 
(3. 5) 
Three of the atmospheric layers considered deal with attenuation by 
scattering and the other two deal with attenuation by absorption. The first 
layer accounts for all of the scattering by the atmosphere except that due to 
10 
water vapor and dust particles. That is to say, noting the two exceptions, the 
other constituents of the atmosphere scatter radiation in very similar fashions 
and may be grouped into one layer with an average extinction coefficient for 
the entire effect. This effect is very similar to pure Rayleigh scattering; 
thus, it will be referred to as Rayleigh scattering. The second and third 
layers account for the scattering by water vapor and dust particles, respectively. 
The remaining two layers account for the absorption by ozone and water vapor. 
The apparent path length of each layer is minimum when the incident direction 
is normal and increases as the angle of incidence, as measured from the nor-
mal direction, 9 , increases. The ratio of the apparent path length at any 
0 
incident angle to that at normal incidence is defined as the optical air mass, 
m, and is tabulated in Table 3.1 in increments of one degree [ 44]. 
9 I 00 1 0 
0° I 1.00 
-
10 I 1. 02 
-
20 I 1. 06 1.07 
30 1.15 1.17 
40 1.30 1.32 
50 1.55 1.59 
60 I 2.00 2.06 
70 I 2.90 3. 05 80 5.60 6.18 
Table 3.1 
-Air mass ratio as a function of incident angle. 
2 3 4 5 6 




1.08 1.09 1.09 1.10 1.11 
1.18 1.19 1.20 1.22 1.23 
1.34 1.37 1.39 1.41 1.44 
1.62 1.66 1.70 1. 74 1.78 
2.12 2.19 2.27 2.36 2.45 
3.21 3.39 3.59 3. 82 4.07 





























The apparent extinction coefficient and apparent path length for the 
individual atmospheric layers is summarized in Table 3. 2. The monochromatic 
transmittance of the five layers is given by 
This transmittance was used with the solar constant to evaluate the collimated 
portion of the incident solar flux. The atmospheric layers were considered 
to posses the following thicknesses: 
w = 20 percipitable millimeters of water vapor, 
d = 400 dust particles per cubic centimeter, and 
o = 0. 25 atmospheric centimeters of ozone. 
These values represent an average clear day for a moderately industrial area. 
The transmittances of the separate layers, except for dust and water vapor 
scattering which are given by empirical equations presented in Table 3. 2, are 
presented in Figures 3.1-3. 3. Some results of the calculated directional 
monochromatic flux at sea level are presented in Figure 3.4, and the total 
flux incident at sea level is presented in Figure 3. 5. 
In the absence of a cloud cover the diffuse '(X>rtion of the incident solar 
flux can be considered to be due only to atmospheric emission. The total 
apparent atmospheric emittance, E' , was empirically deduced by Idso [ 47] 
a 
and is given as a function of the atmospheric temperature by: 
-4 2 
E' = l-0.26lexp[-2.4(10) (492-T ) ] 




















Table 3. 2 
Atmo~heric Attenuation Model 
Extinction 
Coefficient B).. n 
/3 km -1 
A.l 
Ref. 44 




A. in microns 
Ref. 48 
B = o. 000101 
A.3 A. o. 75 
X in microns 
Ref. 48 
Q -1 
,_,).. 4 em 
cc 
#P 
-lnT A.S(20) _1 
8A.5= 20 mm 
T :AS(20) is equal toT 5 
when m=l and w=20 ).. 
Ref. 43 See Fig. 3 
Optical Thickness 
of LayerS 
7. 995 km 
mw 
w is l;)reci?itable 
millimeters of water 
vapor 
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where TaR is the atmospheric temperature in degrees rankine. The incident 
diffuse flux, F d' can be calculated by using the emittance and the blackbody 
emissive power at the atmospheric temperature, i. e. 
C. Conclusions 
In general, the attenuation of solar energy by the earth's atmosphere 
is a complex problem. The model used in this study is a simple empirical one 
which has its limitations. This model applies only for a clear day and does 
not account for any effects that could be caused by clouds. Also, there is no 
accounting for time dependent parameters such as dust or water vapor content. 
However, this model is simple, easy to apply, and provides realistic results 
within its limitations. The flux incident at sea level deduced from this model 
will be used to determine the diurnal temperature distribution and compensating 
depth. 
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IV. SOLAB FLUX DISTRIBUTION IN DEEP WATEB BESEBVOIBS 
Only a fraction of the solar energy incident at the air-water interface 
will be transmitted to the water, and it will be selectively attenuated as it pen-
etrates to a given depth. The magnitude and the spectral distribution of the 
transmitted radiative flux, at a specified depth below the air-water interface, 
influences the rate of photosynthesis and the temperature distribution. Thus, 
the ability to predict accurately the transient behavior of the flux distribution 
is essential to water resources planning and management, both for energy 
requirements of the life cycles involved and for the use of a reservoir as a 
water source. 
No publication was found where the diurnal solar flux distribution in 
water was investigated analytically, accounting for both direction and spectral 
distribution of incident radiation, and selective transmittance and absorption 
by the water. SVerdrup et. al. [ 49] reported on transmittances of solar flux 
in pure sea water. Their data is for the case of radiation at normal incidence. 
Armaly et. al. [ 16] modeled this problem analytically for the case of incident 
0 
radiation that is originating from a blackbody at 10,000 B. They accounted 
for the selective absorption by the water and its interface transmittance; how-
ever, they treated only the case of normal incidence. In this chapter a simple 
model will be used to account for both the directional and spectral distribution 
of the incident radiation, its selective transmission by the air-water interface, 
and its selective absorption by the water. 
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The water reservoir will be modeled as a one dimensional non-scat-
tering medium with an infinite depth and with a smooth air-water interface. 
The water will be considered as stationary and its properties will be taken as 
those of distilled water [ 46] • The temperature will be considered as uniform 
and independent of depth while emission in the solar spectrum range, as com-
pared with the incident flux, will be neglected. The solar flux will be modeled 
as collimated incident simulating a clear day in both spectral and directional 
behavior. 
A. Formulation 
For an isothermal, non-scattering, non-emitting, semi-infinite medium, 
the spectral directional intensity distribution, I (x, fJ, ()?), is governed by 
ll 
Beer's law and is given by 
I (x, IJ.t <f?) =I (o, IJ., ~) exp(-{3 x/J.L) 
ll v ZJ 
(4.1) 
where l (o, p., «P) is the spectral intensity on the water side of the interface, 
v 
/..L = cos 9 is the direction in the water as shown in Figure 4. 1, cp is the azimuthal 
angle, Q is the spectral extinction coefficient, and xis the physical depth. J-Jv 
The subscript v refers to the frequency under consideration. The direction at 
which the intensity propagates through the water, IJ., is related to the incident 
direction, Ill, by Snell's law [ 45] expressed as 
2 2 2 
J.L = 1 -(1 - fJl )/n wv (4. 2) 
n is the spectral refractive index [ 46] which in this case is always larger 
Wl) 
than unity. This fact causes the transmitted intensity to be bounded by a critical 
p (t.L ) I o (t.t1 - 1J ) o (cl>- ~ + 7T) v . 0 cv 0 0 
X 
I 0(fJ1 - fJ ) o (ci> - 4> ) cv 0 0 
air, n = 1 
av 
water, n , k 
wv wv 
Figure 4.1 -Intensity at the air-water interface 
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angle defined by 
1 
u =1- ----n 
· c n ~ 
wv 
(4.3) 
The spectral flux distribution in the water can now be expressed in terms of 
the intensity distribution, equation ( 4. 1), by 
f2'"fl w (x) = I (o, ", 4>) exp(- 8 x/") ud,dd) v . o f..Lc v ,.... . v ,.... . ,.... (4. 4) 
The total flux is given by 
w (x) = J co~ (x) dv 
0 J) 
( 4. 5) 
When the intensity on the air side of the interface is collimated as in 
this study, it can be expressed mathematically as 
11 (o, u1 , q,) =I o(u1 -u ) o(~-<P) v . cv ' . 0 0 (4. 6) 
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where o is the Dirac delta function and u , «P is the collimated incident direc-
. 0 0 
tion. Ilv (o, ~l, ~) is the spectral inten~ity and f.Ll =cos e1, is the direction 
at the air side of the interface as shown in Figure 4.1. Interface energy 
balance requires that the transmitted intensity be equivalent to the following 
expression 
2 
I v ( o, !J , tP) = 11 v ( o, IJ.l , tP) n wv [ 1 - p v ( ~ l ) ] (4. 7) 
where f} (u. ) is the spectral interface reflectance as evaluated from the Fresnel 
. J) ' 1 
relation [ 45] at the direction ~ 1• Substituting equations ( 4. 6) and ( 4. 7) into 
equation (4.4) and changing variables from iJ. to ~l through the use of equation 
24 
(4. 2), the spectral flux distribution due to collimated incident intensity at 
!J
0
, 'Wv (x, fJ
0
), becomes equivalent to 
w (x, f.l ) = f 2 1T J1 I [ 1-o (~1) J exp[ -8 x/[ 1-(1-~ 2)/n 2 J 1 
v 0 0 0 cv ' v . v 0 wv -
(4. 8) 
Integration of the above equation and using the definition in equation (4. 5) the 
total flux becomes equal to 
'W(x, u ) = Joo I ~ [ 1-p ( ~ ) ] exp{ -8 x/[ 1-(1-~-t 2)/n 2 ] } dv 
' 0 0 cv 0 . v 0 v 0 wv 
(4. 9) 
The quantity I ~ appearing in equation (4. 9) is equivalent to the monochromatic 
cv 0 
solar flux incident on the air side of the interface. This quantity was discussed 
in the previous section. The total flux incident at the air side of the interface 
is given by 
\¥,1 (o, IJ ) = u J oo I d v 0 ' 0 0 cv (4.10) 
this quantity was presented as a function of direction in the previous section. 
The flux on the water side of the interface can be deduced from equation 
(4. 9) as 
w(o, 11.) = Joo I u [1-p (U )]dv 
,....0 0 cv . 0 tJ . 0 (4.11) 
The flux on either side of the interface as expressed by equations (4.10) and 
(4.11) can be used with the expression given by equation (4. 9) to define a 
transmittance: 
W(X, II ) 
'""o 
T (x, u ) := 
' 0 w(o, ~0) 
w(x, uo) 
T 1 (x, f.lo) := '1'1 (o, .uo) 
25 
( 4 .12) 
(4.13) 
Equation ( 4. 9) can also be used to obtain the following expression for the diver-
gence of the flux: 
dw(x, u ) 
· o 
dx 
I !J. B [ 1-o (u ) ] 2 2 I co cv o v v · o r I := 2 2 exp1. -.8 x [ 1-(1-~ )/n ] } dv 
o [ 1- (1- uo)/nwv ] v o wv 
(4.14) 
The flux and its divergence and the two transmittances were evaluated 
numerically using a trapizoidal rule with 95 and 48 points. Figures 4. 2-4.4 
show the flux as a function of depth and incident angle. It is evident that the 
flux is attenuated most rapidly close to the surface. As depth increases the 
natural logarithim of the flux approaches a linear behavior with depth. This is 
due to strong absorption by the water in the infrared and the weak absorption 
in the visible. The flux appears to be relatively independent of incident angle 
at angles smaller than 60 degrees. This behavior is attributed to the weak 
influence of the interface reflectance at angles less than 60 degrees. The 
divergence of the flux is presented in Figures 4. 5-4. 7 as a function of depth 
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Figure 4. 5 - Divergence of the flux at various incident 
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Figure 4. 6 - Divergence of the flux at various incident angles 
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Figure 4. 7 - Divergence of the flux at various depth 




the flux. It is evident that at shallow depths the divergence varies very rapidly 
with depth. This behavior is due to absorption of the infrared radiation by the 
water at shallow depth. Figures 4. 8-4.11 show the transmittances, T (x, IJ ), 
0 
as a function of depth and incident angle. The behavior of transmittances with 
depth is similar to that of the flux. The transmittance T (x, u,
0
) is nearly 
constant when the incident angle is less than 75 degrees. The drop at the 
larger angles is due to the spectral shift of the incident flux to the infrared 
causing increased absorption at shallow depth. The decrease in T 1 (x, fJ0 ) 
at angles larger than 60 degrees is due to the interface reflectance. The 
transmittances given by Sverdrup et. al. [ 49] for pure sea water and radiation 
at normal incidence are presented in Figure 4.10. 
B. Approximate Expressions 
In many problems, such as the finite difference solution of the energy 
equation which will be discussed in section VI, the time required to repeatedly 
evaluate the exact expression for either the flux or its divergence is prohibitive. 
This fact makes it desirable to formulate approximate expressions which require 
shorter time to evaluate without a great loss in accuracy. The exact values 
for the transmittances, the flux, and its divergence, presented in Figures 4. 2 
through 4.11, were used to determine approximate algebraic expressions that 
can be evaluated rapidly and with ease on the digital computer yielding good 
correlation with the exact values. Approximate expressions were deduced for 
the transmittances and the flux. The divergence of the flux was then obtained 

















0 200 400 600 800 
x (em) 
Figure 4. 8 - Transmittance, T 1 (x, p. ) , at various incident 
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Figure 4. 9 - Transmittance, T 1 (x, u ) at various depths 
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Figure 4.10 - Transmittance, T (x, f..L ) , at various incident 
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Figure 4.11 - Transmittance, T (x, IJ ) at various depths 
as a function of incident 0 angle 
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The procedure by which the approximate expressions were deduced is presented 
below. 
Efforts were made to find expressions that can be presented as a pro-
duct of two functions, one being dependent on depth, x, and the other dependent 
only on the incident direction, e1• Using that as a basis, the flux and the trans-
mittances for normally incident radiation were approximated by a sum of expo-
nential terms expressed by 
n 
P(x) = I; a. e 
. 1 1 1= 
-b X i (4.15) 
where P(x) represents either the flux or the transmittance for normal incidence. 
A sum of exponential terms was chosen to fit the data because it has been used 
previously [ 18]. Figures 4. 2 and 4. 3 show that the natural logarithm of the 
flux at large depth is essentially linear. One exponential term was selected 
to fit that linear portion. The magnitude of this term is then substracted from 
the actual flux at all depths and the resulting values where also linear beyond 
some new depth. The linear portion of this new curve was fitted by another 
exponential term. This process can be continued untill enough terms have 
been obtained to describe the data accurately. In effect the natural logarithm 
of the flux can be described as a function of depth by a series of superimposed 
straight lines. This method was programed to be solved by a digital computer. 
The coefficients a. and b. were determined to yield good correlation and they 
1 1 
are presented in Tables 4.1 through 4. 3. When used with equation (4.15) these 
coefficients yield an error of less than 2 percent from the exact values up to a 









Coefficients for approximate expression for w(x, IJ. ) 
0 
-1 
a. b.(cm ) j c 
1 1 j 
0.5386D+02 0.2492D-03 1 O. 5474D+OO 
0.5005D+02 0.1049D-02 2 -0. 5603D+OO 
0.4628D+02 0.5275D-02 3 -o. 6567D-01 
0.5435D+02 0.4086D-01 4 0. 5438D-Ol 
0.4987D+02 0.4860D+OO 5 0.1951D-01 












Table 4. 2 
Coefficients for approximate expression for T 1 (x, 1J.0 ) 
-1 
a. b.(cm ) j c. 
1 1 J 
0.1861D+00 0. 2492D-03 1 O. 8151D+OO 
0.1730D+00 0.1049D-02 2 -0. 3292D+00 
0.1599D+00 0. 5275D-02 3 -0. 2351D+00 
0.1878D+OO 0.4086D-01 4 -0. 13 72D+OO 
0.1723D+OO 0.4860D+OO 5 -0. 6809D-01 
0.1007D+OO O. 8728D+01 6 -0. 2948D-Ol 
7 -0.1132D-01 
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To approximate the directional behavior of these quantities, a Chebychev 
polynomial was employed as a function of the incident direction, 9 l. Packaged 
scientific subroutines (DAPCH and DAPFS) were utilized to determine the 
Chebychev coefficients, c( In general a function, Y(9 1), can be expressed in 
te rms of a Chebychev polynomial by: 
where: 
M 
Y(9 1) = L; c. Zj_1(B) j =1 J 
Z (B) = 1 
0 
z1 (B) = B 
Z. 1(B) = 2BZ.(B) - Z. 1(B) J+ J J-
91 






The Chebychev polynomial was used to approximate the directional behav-
ior at the surface and the resulting coefficients are presented in Tables 4.1 
through 4. 3. The approximate expressions predict both the flux and transmit-
tances at the surface with an error of less than ± 1% for all incident angles smaller 
than 80 degrees. At larger angles, where ve.ry little energy penetrates the 
water surface, the error in the flux increases to 10%. 
The product of equations (4.15) and (4.16) was used to predict the flux 
and the transmittances at depths below the water surface and for directions other 
than normal incidence. It was observed that as the incident angle and depth 
increased the error increased. This behavior indicates that these quantities 
42 
could not be accurately approximated by a product of two functions, one depen-
dent on depth and the other dependent on the incident direction. It was found 
that the approximation can be improved if the exponents of the exponential terms 
appearing in equation ( 4.15) can be made a function of the incident angle. Based 




P(x, 91) = [ ~ aie ] Y( 91) i=1 
(4.21) 
where P(x, e1) represents either the flux or the transmittances at any depth 
due to incident radiation in the direction of 91• The coefficients a., b., and 1 1 
c. are tabulated in Tables 4.1 through 4. 3. For depths less than 1000 centi-
J 
meters and incident angles less than 75 degrees, these expression~ yield errors 
no greater than ±15%. 
The above procedure failed to produce a simple and accurate expression 
for the divergence of the flux. This is probably due to the rapid variation of 
that quantity with depth at very shallow depths. It was found that by taking the 
derivative of the approximate expression for the flux a reasonable comparison 
can be made with the exact divergence values. This procedure produced ±10% 
errors for depths greater than 0. 75 centimeters and as much as ±30% errors 
for depths less than 0. 75 centimeters. 
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V. EUPHOTIC ZONE 
Photoautotropic organisms, self supporting with the help of light, assim-
ilate carbon dioxide through photosynthesis with wate:r to produce carbohyd:rates 
and oxygen. Radiant energy is needed for this reaction to take place and the 
reaction can be viewed as the conversion of radiant energy into biological energy 
as de scribed below: 
co2+H20+Radiant Energy-+02+[CH20]x+Biologica.I Energy (5.1) 
Respiration for these organisms is the reversal of tb.e above reaction. Heter-
otropic organisms, not self supporting, rely on the ~u.totropic organisms to 
synthesis their food. Fortunately in most cases the autot:ropic organisms pro-
duce more food than they need for respiration and thus are able to supply the 
needs of the heterotropic organisms. 
Only radiant energy in the spectral range between 0. 4-0. 75 microns 
is considered to be photosynthetically active [ 30, 31 J. The :relationship between 
radiant energy and the rate of photosynthesis has been examined experimentally, 
for some organisms, by Ryther [ 31] and its general behavior has been described 
analytically by Fee [ 32,33]. At some very low level of radiant energy, lmown 
as the compensating level, the food produced by an organism through photosyn-
thesis balances its need for respiration. At that energy level excess food is 
not available to support any heterotropic organisms ~d when that level dec:reases 
photoautotropic organisms cannot :exist. The tate(){ photosynthesis increases 
as the availability of radiant energy increases reaching a tnaximum at the 
saturation level. A further increase in radiant energy will inhibit the photo-
synthesis until eventually it will cease. 
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A model for estimating the diurnal euphotic zone, depth below the water 
surface at which the available radiant energy is equal to the compensating level, 
in natural water reservoirs will be presented and examined. The model con-
siders the air-water interface as smooth and its monochromatic directional 
reflectance is governed by the Fresnel relations [ 45] and its transmittance 
by Snell's law [ 45]. Solar energy incident at the interface will be considered 
as collimated and its magnitude and direction will be that developed in section 
III. Extinction coefficients will be those of distilled water [ 46], and pollution 
will be modeled as a thin absorbing film uniformly covering the water surface. 
This model will provide an upper limit for the behavior of the euphotic zone 
in natural waters and describes the influence that pollution might have on it. 
In this model only the radiant energy between 0. 4-0.75 microns will be 
considered photosynthetically active [ 30,31]. The compensation level will 
be assumed to occur at a flux of 0. 73 Btu/hr ft2 and the saturation level at a 
flux of 29.2 Btu/hr ft2• These values are typical [ 30,31 ] for some plant life. 
At levels of 146 Btu/hr ft2 photosynthesis will be totally inhibited. This flux 
level is roughly equivalent to the maximum energy incident on the water surface 
that is bounded by the spectral region 0. 4 to 0. 75 microns. Thus in this model, 
inhibitions of photosynthesis due to excess flux will be negligible. 
The diurnal compensating and saturation depths will be determined by 
evaluating the exact expression describing the photosynthetically active flux 
45 
distribution in a water reservoir, given by 
1 2 i 
0. 75 -KwA. xd/[ 1-~ (1-f..to) J 
w(x d) = I 0. 4 w 1 A ( 0' ~ 0) [ 1-p A ( ~ 0) J e w A dA 
(5. 2) 
where 'll'(xd) is the value of flux for either the compensation or saturation level 
and xd represents the corresponding depth. w1A. (o, ~J-0 ) is the monochromatic 
flux on the water surface due to radiation incident at 11-
0 
and o A. (!J
0
) is the mono-
chromatic directional reflectance of the surface. KWA and nwA. are the mono-
chromatic absorption coefficients and index of refraction [ 46], respectively. 
Water pollution normally reduces the transmission of radiant energy 
thus decreasing the depth of the euphotic zone. The effect of water pollution 
may be crudely modeled as a thin film of pollution uniformly covering the water 
surface [50] • The film thickness and its radiative properties alter the inter-
face transmittance and the photosynthetically active flux becomes equal to: 
(5. 3) 
where T \ (!J. ) is the monochromatic directional transmittance of the air-film-
PI\. o 
water interface [50]. The pollutants considered in this study were various 
thicknesses, L, of crude oil, diesel oil, fuel oil, and kero.sene. The optical 
properties of these substances were taken from Horvath et. al. [51, 52] and 
are tabulated in Table 5. 1. 
The diurnal compensating and saturation depths for a water reservoir 




no A. KoA. (/J. ) 
1.45 -3 0.40 • 50(10 ) 
-3 0.45 1.44 .15(10 ) 
-4 0.50 1.43 • 70(10 ) 
0.55 1.42 • 30(10 - 4) 
0.60 1.42 -4 .15(10 ) 
-5 0.65 1.42 • 80(10 ) 
-5 0.70 1.42 • 50(10 ) 
0.75 1.42 • 38(10 - 5) 
-
Table 5.1 
Optical properties of some pollutants 
Fuel Oil Kerosene 
-1 -1 
no A. KOA (J..L ) no A. KoA. (#J. ) 
1.62 0.36 1.45 -5 • 80(10 ) 
1.61 0.35 1.45 -5 • 20(10 ) 
1.60 0.35 1.45 -6 • 90(10 ) 
1.59 0.28 1.44 • 60(10 - 6) 
1.51 0.20 1.42 -6 • 30(10 ) 
1.51 0.18 1.42 -6 • 20(10 ) 
1.51 0.12 1.42 -7 • 70(10 ) 
1.51 0.085 1.42 -5 .15(10 ) 
Crude Oil 
-1 
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Figure 5.1 - Diurnal compensation and saturation depths 
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It was found that a film of kerosene or diesel oil had no effect on either level; 
however, crude oil reduced the levels significantly, see Figures 5. 2, 5. 3; and 
fuel oil reduced the depths drastically, see Figure 5.4. The thinest film (10 
microns) of fuel oil reduced the saturation depth to zero. 
An accurate description of the flux distribution in a water reservoir 
will be a great aid in predicting the primary production of that reservoir. 
Fee [ 32,33] presents an analytical method for calculating photosynthesis 
production when the flux distribution (in the photosynthetically active region) 
is known. This study presents a realistic method for detennining the diurnal 
flux distribution in water reservoirs which can be used to estimate more 
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Figure 5. 2 - Influence of crude oil film on 
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Figure 5. 3 - Influence of crude oil film on 
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Figure 5. 4 - Influence of fuel oil film on 




VI. TEMPERATURE DISTRIBUTION IN DEEP WATER RESERVOIRS 
A. Introduction 
The transient temperature distribution in a medium is a measure of the 
rate and distribution of stored energy. The ability to predict the thermal struc-
ture of water bodies is essential to water resources planning and management, 
both for the energy requirements of the life cycles involved and for the use of 
a reservoir as a water and energy source. Thermal pollution will effect the 
quality of water and has important ecological significance. 
The temperature distribution in deep water reservoirs has been studied 
on long time period (seasonal) basis by many researchers [ 3-13]. These 
studies examined the influence of water and wind velocities, air temperature, 
humidity, and solar energy on the total energy balance of a reservoir. The 
one factor that will suffer most if treated on an average basis is the solar energy 
incident, reflected, and attenuated by the water. In nearly all cases, the direc-
tional and spectral nature of the incident solar energy and the selective absorp-
tion by the water were not considered. 
Viskanta [ 24] reported on the problem of radiant energy transfer in 
water and concluded that an analysis which neglects the spectral nature of the 
incident flux and assumes the water to be a gray medium lead to appreciable 
errors when computing the internal absorption of solar radiation and flux dis-
tribution. The exact formulation, however, requires long computational times, 
and for practical calculations of diurnal temperature distributions an approximate 
method needs to be developed to account for the radiant flux term that appears 
in the energy equation. 
53 
In this study, a simplified but realistic model will be presented to predict 
the diurnal temperature distribution in deep water reservoirs. Emphasis is 
placed on properly accounting for the solar radiation by including the directional 
and spectral properties of the incident flux, the reflective properties of the air-
water interface, and the selective absorption of radiation by the water. The 
exponential approximation, which was developed in chapter IV, for the diver-
gence of the radiative flux will be employed here to reduce the computational 
time. The model will account for boundary convection and evaporation, internal 
mixing, diffuse atmospheric radiation, emitted radiation, and direct solar 
radiation. Solution of the energy equation along with appropriate boundary 
conditions will be accomplished by a finite difference technique. 
B. Water Reservoir Model 
The water reservoir will be modeled as a one dimensional non-scattering 
medium with an infinite depth and with a smooth air-water interface. The water 
will be considered as stationary and its properties will be taken as those of 
distilled water [ 46] • The solar flux will be modeled as collimated incident 
simulating a clear day in both spectral and directional behavior. Emission from 
the water, in the solar spectral range, will be considered negligible as com-
pared with the incident flux. 
The energy equation describing the temperature distribution is given by: 
2 
aT (x, t) Ko T(x, t) 
peat" = W 
d'il(x, J.L ) 
0 
dx (6.1) 
where T (x, t) is the temperature, xis the depth below the air-water interface, 
54 
t is the time, 'll(x, 11 ) , is the transient solar radiant flux. K = 0. 347 Btu/hr 
0 
ft °F, p = 62.3 lb /ft3 , and C = 1. 0 Btu/lb °F are the thermal conductivity, 
m m 
density, and specific heat respectively of distilled water at 60°F and are con-
sidered to be constants. p, is the incident direction of the radiant flux and 
0 
is time dependent as described by 
u = cos (90 - 12. 5t) 
· o 
(6. 2) 
for t less than 14.4 hours. The period of sunlight defined here as 14. 4 is entirely 
arbitrary as is the time of sunrise used as 6:00 am; both however, are reason-
able for a summer day. 
An approximate expression for the flux, 'W(x, u ), was determined in 
· o 
section IV and is given by 
1 
[ n -b.x/p. 
2 ] 
W(x, IJ. ) = ~ a.e 1 0 Y(IJ ) 
0 i=1 1 0 
(6. 3) 
where Y(J.L ) represents a Chebychev polynomial with coefficients, c.. The 
0 J 
coefficients a., b., and c. are presented in Table 4.1. The approximation for 
1 1 J 
the divergence of the flux, : (x, IJ.o), which appears in the energy equation 
becomes equivalent to 
a. b. 
1 1 d'l! (x, 1-L ) -c n 0 = :E 
dx i =1 ! 1-lo 
1 
-b.x/p, 2 ] 
e 1 o Y(p. ) 
0 
(6. 4) 
Using the explicit approach, the finite difference form of the energy 
equation by [ 2] 
2t;< r b.t d'l! T(x, t+6,t) = (:( ~t [ T(x+.6x, t) + T(x-,L\x, t)] + T(x, t) [ 1- A., ] - C dx (x, 1-£
0
) 
~2 ~ p 
(6. 5) 
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where ~ = K/ pC is the thermal diffusivity, Ax is the distance between two nodes 
in feet, and bt is the step time in hours. To expidite the computational time 
it is desirable in some cases to increase the node distance at larger depths, 
where gradients are small, and the convergence of the finite difference equation 
is not effected. The finite difference form of the energy equation at the tran-
sition point between two elements of different thiclmesses Ax and Ax1 is given 
by 
+ T(x t) [ 1_ 2rtbt ] _ t:J, d'lf(x, ~0) 
' Ax~ pC dx (6. 6) 
C. Boundary Conditions 
At the surface, x=O, the temperature is described by equation (6. 5) 
evaluated at x=O and is given by 
T(o, t+~t) = r.:t ~t [ T(D,x, t) + T(-.6x, t)] + T(o, t) [ 1- 2r&~ ] 
l:ix 6x 
_ 1.\t d'lf(o, p.0 ) 
pCdx (6. 7) 
where T(-Ax, t) is an equivalent temperature which accounts for the surface 
boundary conditions. At the surface the net heat flux must be conducted into 
the water as governed by the following relation: 
- K oT I 
oX x=O = qS (6. 8) 
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where q is the surface heat flux accounting for convection, evaporation, emitted 
s 
and diffuse incident radiation. Direct incident radiation is already accounted for 
in the energy equation. Using a central difference approximation for the deriv-
ative at the surface, equation (6. 8) becomes 
26x T(-~, t) = T(DJc, t) +}( q • 
s 
(6. 9) 
Substituting equation (6. 9) into (6. 7) an expression for the surface temperature 
can be obtained 
T(o, t+At) = 2gb.t [ T(6x, t) + DxK q J + T(o, t) [ 1- 2C( 6_t J 
6x-2 s bx-2 
tJ, d'll(o, Uo) 
---- . pedx (6.10) 
Heat flux at the water surface, q , consists of convection to or from 
s 
the surface, evaporation from the surface (condensation was neglected), diffuse 
incident radiation from the atmosphere, and emitted radiation from the water 
surface. The energy loss or gain at the surface due to convection, q , is given 
c 
by 
q = -h [ T(o, t) - T ] 
c c a 
(6 .11) 
where the convective heat transfer coefficient, h , is a function of temperature 
c 
as described by [ 2] 
h = 0.22 [ \T(o, t)- T I J113 
c a 
T is the ambient temperature in °F which is a function of time and is chosen 
a 
for this study by personal observation of local temperature as 
T a == 60 + 30 sin (~ 9 ~ 6 ), 0 ~ t ~ 9. 6 (6.13a) 
• 1T t-9.6 T a == 9 0 - 3 0 s1n ( 2 14• 4 ) , 9. 6 ~ t ~ 24 (6 .13b) 
where t=O is defined as 6:00 am and it has the units of hours. T is presented 
a 
in Figure 6.1. Surface evaporation is a major contribution to energy loss at 
the surface. This energy term may be be expressed as [ 2] 
where: 
q = -h (C - C ) h 
em w afg 
h 
c h =---
m Pa Cpa 




and .!l.D = 0. 845, o == 0. 0735 lb /ft3 , C = 0. 02402 Btu/lb °F, and hfg == 
' a m pa m 
1054.0 Btu/lb • C and C are the concentrations of the water vapor at the 
m w a 
water and air sides of the interface, respectively. The air is considered as 








where P corresponding to the water vapor pressure is given by [ 10] 
0 
9500.8 
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and R =85. 76 ft lbf/lb °F is equivalent to the ideal gas constant. The mass 
w m 
loss from the surface due to evaporation is neglected. The diffuse radiant energy 
emitted by the atmosphere is considered to be absorbed entirely at the water 
surface and is given by [ 47] 
(6.16a) 
where the atmospheric emissivity, £ , is a function of the ambient temperature 
a 
in degrees rankine, TaR: 
-4 2 
€ a= 1-0.261 exp[ -2.4 (10 )(492- TaR) ] (6.16b) 
The water surface may be assumed to lose radiant energy as a gray body: 
4 F = -£ a [ T(o, t) + 460] 
s w 
(6 .1 7) 
where € is the water emittance and was taken as constant equivalent to 0. 9 
w 
and a is the stefan Boltsmann constant. The surface boundary heat flux, q , 
s 
may now be written as: 
q = q + q + Fd + F 
s c e s 
The boundary condition at x=oo will be taken as constant: 




where T. is the initial condition equivalent to a water temperature of 50°F. 
1 
D. Thermally Induced Mixing 
At night, when the direct solar flux reduces to zero the water starts 
to cool. The water at the surface tends to cool faster than at points below the 
surface. This cooling causes the water at the surface to exhibit higher density 
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than at points below the surface resulting in a vertical upward velocity. This 
will generate an additional convective mode of heat transfer within the medium. 
To approximate the influence of this term on the temperature distribution a 
mixing layer model similar to one used by Harleman [ 3-5] will be employed. 
The mixed layer will be isothermal at TB and extend to a depth Xi. To deter-
mine these parameters, the transient temperature distribution is evaluated and 
the surface temperature is compared to temperatures below the surface. If 
the surface temperature is lower mixing will take place. The temperature and 
depth of the mixed layer will be such as to maintain the stored energy of the 
mixed and pre-mixed layer the same and insure that the final mixed tempera-
ture is higher than temperatures below X. as shown in Figure 6. 2. The two 
1 
areas bounded by T B and the premixed temperature distribution are equal. 
The new temperature distribution is then uniform and equal toT B up to Xi and 
unchanged below that level. This newly defined temperature distribution is used 
to calculate the temperature distribution at the next time and so forth. Conditions 
could exist where the temperature of the mixed layer is lower than the initial 
uniform temperature of the reservoir. This would require complete mixing 
through the entire depth of the reservoir, thus establishing a new uniform tern-
perature. In this study such a state occured only in the first few minutes of 
the first day and did not significantly influence the initial uniform temperature 
of the reservoir. Mixing occurs over an infinite depth with the result that 
T B = T i. It should be pointed out that in the case of a solar pond the tempera-
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by controlling the salt concentration at different depths to maintain the proper 
density gradient. 
E. Convergence of Solution 
The time increment, t-t, and the element width, .&, should be selected 
to insure both stability and convergence and in addition minimize the total 
required time for the solution. The stability criterion will be checked by com-
paring the temperature distribution for a selected, I:Jx, and, .6t, at several 
consecutive time increments. If at any point, x , an oscillatory response occurs, 
0 
the time increment was decreased and the above procedure repeated. A stable 
solution is a non oscilatory one. Convergence was checked by comparing the 
solution using different element sizes, 6x and bx/2. When the difference 
between two solutions is sufficiently small at all depths the convergence cri-
terion will be satisfied. 
The finite difference solution of the governing equations (6. 4, 6. 5, 6.10, 
and 6.19) was performed on an IBM 370/165 digital computer. It was found 
that in order to satisfy the convergence and stability criterion, the time incre-
ment must be smaller than 0. 0003125 hr and the node distance must be smaller 
than 0. 0025 ft. These small increments made the computational time long. 
For example, for a 24 hour period (one day) the computational time was 0. 5 
hours of CPU time. Some method is needed to reduce the computational time. 
The cause of the convergence difficulties is the radiation term appearing 
in equation (6. 10). This term is extremely large and dominates the behavior 
of that equation. In addition the radiation term in equation (6. 5) has a very 
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large slope near the surface necessitating very small fjx and long computational 
time. To eliminate this problem a portion of the direct solar flux incident on 
the surface was considered to be absorbed by the surface and was added as a 
part of the boundary condition. The flux at the boundary now becomes equiva-
lent to 
q = q + q + Fd + F + F (U. ) 
s c e s o · o 
(6. 20) 
The portion of the direct solar flux that is absorbed by the surface, F (u. ) , 
0 0 
is substracted from the original flux, \ll(o, u ) , giving a new transmitted flux, 
' 0 d'W (x, u ) 
W (x, tJ, ) , and thus a new divergence, - dxa 0 , which is much lower in 
a · o 
magnitude and much more well behaved near the surface. By inspecting the 
coefficients b. in the approximation for the flux, Table 4. 1, it is evident that 
1 
the sixth term in the series, i=6, is the one which exhibits a strong influence 
near the surface. Thus new approximate expression for the flux, w (x, /J ), 
a o dw (x, ~ ) 
· and its divergence, - __ a 0 , may be given by taking only the terms i = 1 
dx 
through 5 as shown in Figures 6.3 and 6.4. Figure 6.4 graphically illustrates 
the drastic change in the behavior of the divergence near the surface. This 
improved behavior will make the finite difference solution converge in a com-
paratively short computational time. The portion of the direct incident flux 
that will be considered as absorbed at the surface is given by the sixth term 
in the approximation evaluated at the surface: 
(6. 21) 
This flux is presented in Figure 6. 5. 
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Figure 6. 5 - Direct solar flux absorbed at the surface 
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The finite difference equations governing the solution of the above problem 
are given below. The temperature at the surface is given by 
where 
and 
T(o, t + /$) = ~ ;t [ T(.6x, t) + M._ q ] + T(o, t) [ 1- 2~;t J 
. ~ K s ~ 
6t d~a (o, v,
0
) 
- pC dx 
q = q + q + Fd + F + F (~ ) 
s c e s o o 
1 
dw (x, fJ ) 5 a. b. -b.x/ fJ 2 





where a. and b. are the constants appearing in Table 4.1. The temperature 
1 1 
within the medium is given by 
ri bt 2C( .6t J T(x, t + ,6t) = - ·- 2 [ T(x + /:)x, t) + T(x- Ax, t)] + T(x, t)[ 1- ~ 2 ~ ~ 
(6. 24) 
6t d'W (x, u ) 
a ' o 
-P-c dx 
At the point where the node distance, changes from bx to Dx1 the temperature 
is given by 
T(x, t + At) = .t\X{2::-Ax
1
) [ T(x+Ax1 , t) ~1 + T{x-Ax, t)] + T{x, t) [ 1-!i~1 ] 
(6. 25) 
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The initial condition is given as uniform at T. = 50°F and the boundary condition 
1 
at infinity remains constant at T .• 
1 
To demonstrate convergence, this system of equations was solved for 
the heating period of 7. 2 hours beginning at sunrise with a constant initial tern-
perature and ending when the sun is normal to the surface. Table 6.1 lists the 
increment sizes and the maximum temperature differences at any depth between 
runs with successively smaller step sizes. Evaluation of the data in Table 6.1 
leads to the conclusion that finite differences of Ax = 0. 025 feet and b.t = 0. 04 
hours are a good compromise as they give excellent convergence, no more than 
0. 25°F differential when compared against much smaller increments, and do 
not require long computational time. To further reduce the computational time 
tJx was increased to 0.1 feet for depths greater than 0.1 foot but less than 1. 0 
foot, and Ax was increased to 1. 0 feet at depths greater than 1. 0 foot. At these 
transistions depths the gradients are smaller and the small 6x is not necessary 
as demonstrated by the fact that the solution converged for all depths. As long 
as the convergence criteria is still met, the choice of transition depths and 
larger node distances is arbitrary. Time increments of this size allow a solu-
tion for a time period of 5 days to be accomplished in under 1. 5 minutes CPU 
on an IBM 370/165 digital computer. 
F. Results 
Temperature distributions were obtained for the general case as pre-
viously developed and for two special cases which represent specific conditions. 
Each case along with its results will be presented seperately. As well as the 
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Table 6.1 
Convergence of finite difference solution 










temperature distributions, the following heat flux terms at the surface will be 
presented as a function of time: q , q , Fd, F , F (JJ ), qd, and Q.. Where 
c e s o o 1: 
the terms which are previously defined remain the same; and qd is the conduc-
tion away from the surface as defined by equation (6. 26) and~ is the net stored 
energy gained or lost by, the first element, equation (6. 27). 
K q =- - [ T(o, t) - T(bX, t)] d IYx 
- ~ tJx ~ - ~t 2 [ T(o, t + .6t) - T(o, t) ] 
(6. 26) 
(6. 27) 
~does not include heat transfer due to mixing because in this definition 
T(o, t + 6t) is the temperature at the surface before the mixed layer is deter-
mined. A positive flux represents heat added to the surface and a negative flux 
is heat lost by the surface. 
Case I will be that of the general problem as developed. This case 
includes evaporation, convection, mixing, diffuse and emitted radiation, and 
direct radiation being attenuated.by the water body. A solution was obtained 
for a ten day period, starting with an isothermal reservoir at 55°F. Figures 
6. 6 and 6. 7 show the heating and cooling periods for the first day, respectively. 
Heat fluxes at the surface for the first day are presented in Figures 6. 8 and 
6. 9. By inspecting these figures it is obvious that the direct radiation absorbed 




), diffuse emission, F s' absorption, F d' and evaporation, 
q , are the most significant parameters. Conduction is negligible and the 
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Figure 6. 9 - Diffuse radiation fluxes at the surface versus elapsed time 
for the first day -.:J ~ 
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the water. The temperature distributions for the heating and cooling periods 
for the fifth, ninth, and tenth days are presented in Figures 6.10 through 6.15. 
Figure 6.16 presents the surface temperature as a function of time for some 
of the days. It is obvious from these figures that by the ninth and tenth days 
the reservoir has reached a condition where the temperature behaves in the 
s ame manner each day and with the daily fluctuations having effect only to a 
depth of one foot. The transmitted flux however has changed the temperature 
from the initial temperature by at least 1 °F to a depth of 30 feet. The heat 
fluxes at the surface for the tenth day are presented in Figures 6.17 and 6.18. 
Again it can be seen that conduction is negligible, infact conduction is zero 
throughout the tenth day, and the direct radiation is the driving heating force. 
It is seen in Figure 6. 17 that ~ and qe behave in an erratic manner exhibiting 
sharp spikes and sudden changes. The spikes in q at the times t = 1. 6 and 
e 
10.0 hours correspond to the condition when the quantity I T(o, t) - T I dimin-
a 
ishes. When this condition exists, h , h , q , and q become zero. In Figure 
c m c e 
6.17 q should go to zero when q goes to zero; however, this was not reflected 
e c 
in the computer print out because the calculated temperature distribution and 
surface fluxes were only printed every ten time increments to save computer 
time. On either side of the point where I T(o, t) - T I is zero, the evaporative 
a 
loss, q , becomes larger resulting in a spike because h increases as a func-
e m 
tion of the absolute value of the temperature difference \ T(o, t) - T \ • There 
a 
is a sharp valley in q at t = 11.4 hours; the cause is not known. It is not 
e 
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Figure 6.16 - Surface temperature as a function of the time of day 
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Figure 6.18 - Diffuse radiation fluxes at the surface versus 
elapsed time for the tenth day 
00 
~ 
to predict it. The erratic behavior in ~ is the result of the strong influence 
qe has on qt. 
Case II is similar to case I, except that no evaporation heat loss will 
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be allowed. This case was run for five days to study the significance of the 
evaporative heat loss. This situation of no evaporation could represent a case 
where a surface covering suppresses evaporation. Figures 6.19 through 6. 22 
present the temperature distributions for the heating and cooling periods for 
days one and five. It is seen that during the first day the temperature changed 
more rapidly than case I reaching higher maximum temperatures (95°F). Also, 
it is seen that during the first day cooling of the surface results in heating of 
deeper depth due to mixing. By the end of five days the daily temperature 
behavior does not change greatly from one day to the next and again the daily 
fluctuations extend only to about one foot depth. Without the heat loss due to 
evaporation, the surface temperature is seen to be considerably greater than 
the previous case which included evaporation; however, it is shown that the 
difference betwe.en daily high and low temperatures is about the same (25°F). 
The heat fluxes at the surface are presented in Figures 6. 23 and 6. 24. The 
convective flux in this case is higher than the previous one due to a higher 
surface temperature which is a result of no evaporation loss. Here again the 
conduction flux is much smaller than the transmitted flux and the direct radia-
tion is the driving heating force. 
Case III differs from case I in that all of the direct radiation is considered 
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Figure 6. 24 - Diffuse radiation fluxes at the surface versus elapsed 




in which direct radiation would be completely absorbed by a very thin thickness 
of water, this is a crude method of approximately modeling extremely polluted 
water. Figures 6. 25 through 6. 28 present the temperature distributions for 
the heating and cooling periods of the first and fifth days. Heating during the 
first day is very rapid near the surface and a very high maximum temperature 
(110°F) is obtained at the surface. Again as in case IT cooling of the surface 
results in heating of deeper depths. The day to day behavior of the temperature 
is nearly the same by the end of the fifth day and the significant daily fluctuations 
extend only to one foot. With the direct radiation totally absorbed at the surface, 
the temperature at the surface becomes much greater than cases I and II and 
the difference between daily maximum and minimum temperatures is also greater. 
By observing the surface heat fluxes presented in Figures 6. 29 and 6. 30, it 
is evident that the direct radiation is the strongest driving force during the 
heating portion of the day. In Figure 6. 27 qe appears erratic fort less than 
or equal to two hours. The cause of this behavior is the same as in case I when 
I T(o, t) - T a I == o. At t == o. 2 and 1. 0 hours qe should go to zero as hm goes 
to zero (Figure 6. 28) but again this was not reflected in the computer print out. 
The spike in qe at t = 1. 0 hour causes a spike in qt at that time, see Figure 6. 28. 
Also, qt exhibits a sharp valley at t = 14 hours. This rapid decrease in~ from 
t = 12 to 14 hours corresponds to the rapid decrease in the direct flux which 
is totally absorbed at the surface while the increase in ~ for t ~ 14 hours cor-
responds to decreasing evaporative loss, qe. The influence of the heating load 
is felt only at shallow depth because conduction is negligible and the transmitted 
flux has been eliminated. 
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Figure 6. 25 - Temperature versus depth for heating of the first day, direct 
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Figure 6. 26 - Temperature versus depth for cooling of the first day, direct 
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Figure 6. 27 -Temperature versus depth for heating of the fifth day, direct 
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Figure 6. 28 - Temperature versus depth for cooling of the fifth day, direct 
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Figure 6. 29 - Heat fluxes at the surface versus elapsed time for 


























6 ~ 12 ./Q 
sunrise 6:00AM 
daylight 14.4 AM 
18 
-60 . 
Figure 6. 30 - Surface fluxes versus elapsed time for the fifth day, 




VII. CONCLUSIONS AND RECOMMENDATIONS 
A number of important conclusions may be drawn from this study of the 
diurnal temperature distribution in deep water reservoirs. Direct solar radia-
tion incident on the water surface and attenuated by the water is the prime heat-
ing force. If the direct incident radiation and ambient atmospheric temperature 
exhibit the same periodic behavior patterns every day, then a point in time will 
be reached where the diurnal temperature distribution of each successive day 
will follow a definite pattern. The diurnal fluctuations of this definite pattern 
will extend to a finite depth which remains constant with time. Finally, if the 
water is highly turbid or if evaporation is suppressed then the surface tempera-
ture becomes very high. 
The diurnal compensation and satuation depths are seen to increase as 
the incident direct solar flux increases. It was shown that the optimum ( satura-
tion) depth for photosynthetic production increases as the sun rises and decreases 
as the sun sets. The euphotic zone ceases to exist when there is no incident 
direct solar flux. One may also draw the conclusion that polluted water modeled 
as a thin film of oil can significantly reduce or eliminate the compensation and 
saturation depths. 
The direct solar flux penetrating a water reservoir can be modeled very 
well as a exponential polynomial in depth and a Chebychev polynomial in direc-
tion. This approach is also good for the divergence of the flux except at very 
shallow depths (less than one centimeter) where the divergence has an extremely 
large slope. 
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Many restrictive assumptions have been introduced into this model and 
it is obvious that they may be entirely unrealistic for some applications. The 
following recommendations are made to improve the above model: 
(1) The crude empirical atmospheric model should be replaced with 
a refined model capable of accounting for cloudy conditions. 
(2) Optical properties of natural waters should be determined and 
employed. 
(3) The water should be considered as an absorbing, emitting, and 
scattering media. 
(4) A reservoir of finite depth with various bottom boundary conditions 
should be considered. 
(5) An improved approximation should be developed for the divergence 
of the flux, especially for the first inch of the reservoir. 
(6) A finite difference solution should be obtained using the exact 
divergence term which would eliminate any absorption of direct 
solar radiation at the water surface and accurately describe the 
temperature behavior in the top centimeter of the reservoir. 
This is a simple task merely requiring sufficient computer time. 
(7) The evaporation model should be investigated to determine if it 
represents natural behavior. If it does not then it should be 
refined or replaced so that evaporation is handled in a physically 
realistic manner. 
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